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We present a general scheme for multiparty-controlled teleportation of an arbitrary m-qudit {d- 
dimensional quantum system) state by using non-maximally entangled states as the quantum chan- 
nel. The sender performs m generalized Bell-state measurements on her 2m particles, the controllers 
take some single-particle measurements with the measuring basis Xd and the receiver only need to 
introduce one auxiliary two-level particle to extract quantum information probabilistically with the 
fidelity unit if he cooperates with all the controllers. All the parties can use some decoy photons to 
set up their quantum channel securely, which will forbid some a dishonest party to eavesdrop freely. 
This scheme is optimal as the probability that the receiver obtains the originally unknown m-qudit 
state equals to the entanglement of the quantum channel. 

PACS numbers: 03.67.Hk, 03.65.Ud, 42.50.Dv 



I. INTRODUCTION 



The principle of quantum mechanics provides some 
novel ways for quantum information transmission, such 
as quantum key distribution [l], [2, S 01 , quantum secret 
sharing 6 , M , Q , quantum secure direct commu- 
nication lie , deterministic secure quantum commu- 
nication |12l . [l3|, quantum secret report 14|. quantum 
secret conference [l5|, quantum dialogue [16| , quantum 
teleportation [l7j . and so on. Quantum teleportaiton, 
a unique thing in quantum mechanics, supplies a way 
for two parties to teleport an unknown quantum state 
Ix) — a|0) -f- exploiting the nonlocal correlation of 
an Einstcin-Podolsky-Rosen (EPR) state shared in ad- 
vance. For this task, the sender performs a Bell-state 
measurement on the unknown quantum system x and 
one of the EPR particles, and the receiver takes a uni- 
tary operation on the remaining EPR particle, accord- 
ing to the information of the Bell-state measurement. 
Since Bennet et al. first discovered that the in- 

formation of an unknown qubit \x) can be disassem- 
bled into some pieces and then reconstructed with clas- 
sical information and quantum correlations, researchers 
have devoted much interest to quantum teleportation. 
On one hand, several experiments have demonstrated 
the teleportation of a single qubit with entangled pho- 
tons and ions [H, [H, Hfl El, [H, HI]. On the other 
hand, a great number of theoretical schemes for teleport- 
ing an unknown state, especially an A^-particle entangled 
state, have been, proposed with different quantum chan- 
nels S, [IE lli, [13, [21,111, SIM [13, III, H 
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Recently, the controlled teleportation for single-qubit 
or m-qubit state have been studied by some groups. 
The basic idea of a controlled teleportation scheme 
(ssl [sol , [iol [4l| is to let an unknown quantum state 
be recovered by a remote receiver only when he co- 
operates with the controllers. It is similar to another 
branch of quantum communication, quantum state shar- 
ing (QSTS) [H, ia, 44,, 45, 46., 47, iS,], whose task 
is to let several receivers share an unknown quantum 
state with cooperations. Essentially one receiver can 
reconstruct the originally unknown state with the help 
of others. In p rinciple, almost all the QSTS schemes 
m [S [M [11 [H 111 [H can be used for controlled 
teleportation with or without a little modification, and 
vice versa [4^ 113, [3. In 1999, Karlsson and Bouren- 
nane proposed the first controlled teleportation proto- 
col with three-qubit Greenberger-Horne-Zeilinger (GHZ) 
state for teleporting a single-qubit state ^3^. In 2004, 
Yang et al. [39J presented a multiparty controlled tele- 
portation protocol to teleport multi-qubit quantum infor- 
mation. In 2005, Deng et al. (40| introduced a symmetric 
multiparty controlled teleportation scheme for an arbi- 
trary two-particle entanglement state. Moreover, they 
presented another scheme for sharing an arbitrary two- 
particle state with EPR pairs and GHZ-state measure- 
ments [4JI or Bell-state measurements [i^. Both those 
two QSTS schemes (40l . [4^ can be used for controlled 
teleportation directly without any modification. Also, 
Zhang, Jin and Zhang [46*1 presented a scheme for shar- 
ing an arbitrary two-particle state based on entangle- 
ment swapping. Zhang et al. [l^l proposed a multiparty 
QSTS scheme for sharing an unknown single-qubit state 
with photon pairs and a controlled teleportation scheme 
by using quantum secret sharing of classical message for 
teleporting arbitrary m-qubit quantum information. Re- 
cently, Li et al. [i^ proposed an efficient symmetric mul- 
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tiparty QSTS protocol for sharing an arbitrary m-qubit 
state. All those three QSTS schemes, in principle, are 
equivalent to a secure scheme for teleportation with some 
controllers. 

Although there are some schemes for controlled tele- 
portation [UlliliSliH or QSTS Hi,!!!,!!!!!!,!!!!!!, 

all of them are based on a maximally entangled quantum 
channel, not a pure entangled one. A practical quantum 
signal source often produces a pure entangled state be- 
cause of its unsymmetry to some extent. In this work, 
we will give a general form for controlled teleportation of 
an arbitrary m-qudit (d-level quantum system) state via 
the control of n controllers by using d-dimensional pure 
entangled states as the quantum channel, following some 
ideas in Ref. ^45|. Except for the sender Alice, each of 
the controllers needs only to take m single-particle mea- 
surements on his particles, and the receiver can proba- 
bilistically reconstruct the unknown m-qudit state with 
an auxiliary qubit (two-level particle) and m unitary op- 
erations if she cooperates with all the controllers. This 
scheme for controlled teleportation of m-qudit state is 
optimal as the probability that the receiver obtains the 
originally unknown m-qudit state with the fidelity unit 
equals to the entanglement of the quantum channel. 



II. CONTROLLED TELEPORTATION OF AN 
ARBITRARY SINGLE-PARTICLE QUDIT WITH 
PURE ENTANGLED QUANTUM CHANNEL 

The generalized Bell states (GBS) of d-dimensional 
quantum systems (the analogue of Bell state for spin- 
i particles) are [l3| 



j=0 



(1) 



where r, s = 0, 1, • • • , d— 1 are used to label the (P orthog- 
onal GBS. |0), |1), • • •, and \d—l) are the d eigenvectors of 
the measuring basis (MB) Zd, and j ® s means j + s mod 
d. The d^ unitary operations Uuv (w, w = 0, 1, • • • , d — 1) 
can transfer one of the Bell state into each other. 



3=0 



(2) 



Another unbiased basis which has d eigenvectors can 
be written as {|0):„ • • • , \r)^, • • • , M - 1):,} [Ulii]. 



1 



(3) 



where r G {0,1, ■ ■ ■ ,d— 1}. The two unbiased bases have 
the relation |(fc|r)a;p = i. Here |fc) is an eigenvector of 
the MB Zd and \r)a: is an eigenvector of the MB Xd- 

Now, let us describe the principle of our controlled tele- 
portation of an arbitrary m-qudit state with m pure en- 
tangled states. For presenting the principle of our scheme 



clearly, we first consider the case to teleport an unknown 
single-particle qudit state and then generalized it to the 
case with an arbitrary m-particle qudit state. 

Suppose the originally unknown single-particle qudit 
state tclcportcd is 



\x)^„ ^ Po\0) + + ■ ■ ■ + Pd-i\d - 1) , 



here 



l/3o|' + |/3i|' + 



1. 



(4) 



(5) 



The pure entangled (n + 2)-particle state used for setting 
up the quantum channel is 



1$) 



/aoai---a„ + i 



n-l-1 

CO n 

fc=0 



n+1 



+ •■• + n Cd-lM-l)a,, X6) 



where ak{k = 0, 1, • • • , n -I- 1) are the n 
the pure entangled state |$), and 



^ d-l 



= 1. 



2 particles in 



(7) 



Similar to the controlled teleportation of qubits f40|, 
|42| . Alice should first set up a pure entangled quantum 
channel with the controllers, say Bobg (q = 1, 2, • • • , n) 
and the receiver, say Charlie. The way for sharing a 
sequence of pure entangled (n -|- 2)-particle qubit states 
has been discussed in Ref. [ll]. In detail, AHce pre- 
pares a sequence of pure entangled states |'i?)ooai - a„+i , 
and divided them into n + 2 particle sequences, say 
Sk{k = 0,1, - ■■ ,n + l). That is, Alice picks up the parti- 
cle Uk in each pure entangled state |$)aoai - a„+i to make 
up the particle sequence St, as the same way as Refs. 
(lOl [Til , liol . [4^ . To prevent a potentially dishonest con- 
troller from stealing the information freely or the receiver 
from recovering the unknown state without the control 
of the controllers [s^] , Alice has to replace some particles 
in the sequence St with her decoy photons [Sll, H^] before 
she sends the sequence Sk to a controller, say Bobfc (or 
the receiver Charlie if fc = n -I- 1). The decoy photons 
can be prepared by measuring and manipulating some 
particles in pure entangled states fT3|. For instance, Al- 
ice measures the particle ap in the state I'i')^^^^...^ 
with the MB Zd, and then obtains the state of all the 
other particles |r) if that of the particle oq is \r). Alice 
can manipulate the particle Ofc with unitary operations 



W = 

uv 

tion Hd 



u)(y\} and high-dimensional Hadamard opera- 

TaEaHi. 



Hd - 



Vd 



/I 
1 

1 



1 



^ I g2(d-l)Tri/d 



1 

,{d-l)27Ti/d 
,{d-l)4Tri/d 



\ 



^{d-l)2{d~l)iri/d 



(8) 



That is, Alice can prepares her decoy photons ran- 
domly in one of the 2d states {|0), |1), • • • , jd — 
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l};\0)x,\^)x, - ■ ■ ,\d - l)x} without an ideal high- 
dimension single-photon source [H, . 

After setting up the pure entangled quantum channel 
securely, Alice performs a generalized Bell-state measure- 
ment on her particles xo and ao, the quantum correlation 
will be transferred to the quantum system composed of 
the other n + 1 particles ai, 02, ■ • •, and a„+i. For recon- 
structing the original qudit state |x)xoj controllers 
Bob/c perform Xd measurements on their particles and 
the receiver can probabilistically extract the information 
of the original state \x)xo by introducing one auxiliary 
two-level particle. In detail, one can rewrite the state of 
composite quantum system composed of all the particles 
Xo, oo, oi, • ■ and a„+i as follows: 

\X)X0 «) |*)aoai...a„+i = jl^/^jli) J 
n+1 \ 

E n 

j'=0 fc=0 / 
~ ~~r-, [I "'/'?• Ji)xoao 

d-l n-\-\ 

j=0 k=l 

After Alice performs the generalized Bell-state (GBS) 
measurement on the particles xo and Oq, the remain- 
ing particles (ai, a2, • ■ • , a„+i) collapse to the state 
lv')ai - a„+i (without being normalized) if Alice gets the 

outcome \lprs)xoao- 

d-l n+1 
j=0 fc=l 



To probabilistically reconstruct the original state, the 
controllers Bobfe perform measurements with the MB X4 
on their particles independently. The measurements done 
by all the controllers can be expressed as M, similar to 
Refs. Ellil. 

M = ((ou)"-*i-*^--*^-^ ® ((iu)*i ® • • • ® ((d - i\xY'-'. 

(11) 

Here (j = 1, 2, • • • , d — 1) represents the number of the 
controllers that obtain the result \i)x- After controllers 
perform M measurement on their particles, the state of 
the particle in the hand of the receiver Charlie becomes 
(neglect a whole factor l/d"/^) 

d~l n+1 

lv'>a„+i = M{Y^e-"-^3'-l3jCj(^,\{\j®s)a,) 
j=a k=i 

d-l 

where 

/ = 1 • ti + 2 • f2 + • • • + (rf - 1) • td-i. (13) 

That is, the state of the receiver's particle an+i is de- 
termined by the measurement results of the sender and 
all the controllers. Suppose |cfep = min{\ci\'^,i = 
0, • • • , d — 1}. For extracting information of the origi- 
nal state |x)xo from \(p)a„+2 probabilistically, Charlie can 
perform a general evolution Umax on particle a„_|_i and 
an auxiliary qubit aaux whose original state is |0)a„2;. 
In detail, under the basis {|0)|0)a„£c, |l)|0)au2;, • • ' , M - 
l)|0)a«x, \0)\l)aux, ■ ■ • , \d- l)|l)a«a;}, the collcctive Uni- 
tary transformation Umax can be chosen as 



Um.n.x 
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V Co ' 
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Cd-1 



V Co ' 
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i.e.. 
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U^aMa^+Mau. = ^ e" ^ [^'^+(^®^)'' C,e. I J ® s) a„^, ( — 1 0) + / 1 - (-^ )2 1 1) (15) 



]=0 



Ci 



Charlie measures his auxiUary particle after the uni- 
tary transformation Umax- The controlled teleportation 
succeeds if the measurement result is |0)aM2:; otherwise 
the teleportation fails, and the information of the origi- 
nal state is disappeared. If the controlled teleportation 
succeeds, Charlie gets the state of the particle a„+i 

|^'>a„+, = ^e-^[(^"''-'+(j"'-^)'-l/3rf+,._,edCfe|j')a„^, 
= Cfc^e-"5"[(^®^)'-'+^'-l/?j|j©s),„^,. (16) 

3=0 

Charlie can reconstruct the originally unknown state \x) 
by performing a unitary operation 

d-l 

Ur'+r,d-s = e'^^"(''+''') \j' ®d-s) (j'l (17) 

on his particle a„_|_i, i.e., 

d-l 

i=o 

where A = Cke~^^^ is a whole factor which does not 
change the feature of the state. 

As discussed in Refs. [H, [s^l, the maximal probability 
Ps for extracting the unknown state \x) with the fidelity 
unit from the state |</5)a„+i is the square of the minimal 
coefficient in Cj [j — 0, l,---,c?— 1). That is, the re- 
ceiver Charlie can recover the unknown state |x) with 
the probability Ps — |cfcp. 

III. CONTROLLED TELEPORTATION OF m 
QUDITS 

Now, let us generalize this scheme to the case with an 
unknown m-qudit state. In this time, the agents should 
first shared m pure entangled states j^)®"* with the same 
way discussed above. Similar to the case with an un- 
known single-particle qudit state, the sender (Alice) per- 
forms m generalized Bell-state measurements, and then 
the controllers (Bobs) make Xd measurements on their 
particles. The receiver Charlie first probabilistically ex- 
tracts the information via a unitary transformation on 
his particles and an auxiliary two-level particle, and then 
reconstructs the original state by performing some uni- 
tary operations on his particles kept. 



In detail, the quantum channel is a sequence of pure 
entangled {n -\- 2)-particle states (the same m quantum 
systems), i.e., 

m / n+1 n-1-1 \ 

W)^TlUX{\0)a.+---+\{ca-Ad-l)aA . 

1=1 \ k=0 k'=0 / I 

(19) 

Alice sends the fc-th {k ~ 1, 2, • • • , n) particle aki in the l- 
th (Z = 1, 2, • • • , m) pure entangled state to Bobfc and the 
(n+ l)-th particle an+i,i to the receiver Charlie, and she 
keeps the first particle oq; in each pure entangled state. 
Also all the parties can set up this quantum channel with 
decoy photons [H, [H, [5l|, , the same as that discussed 
above. 

Suppose an arbitrary m-qudit state can be described 

as 

d-l 

\x')xix.-x,. = E 1^1 "2 ■■■n'J, (20) 

and 

d-l 

E l/3nini-n^l' = l- (21) 

where Xi, X2, • • and Xm are the m particles in the orig- 
inally unknown state For the controlled telepor- 
tation, Alice first takes the generalized Bell-state mea- 
surement on the particles xi and aoi {I = l,2,---,m), 
and then the controllers Bob^ {k = 1, 2, • • • , n) perform 
Xd measurements on their particles. The measurements 
done by all the controllers Bobs can be written as 

m 

M' = Y[Mi, (22) 

where 

Ml - m.r-'''- m.f ® • • • ® ((^ - iu)*^-^(23) 

represents the single- particle measurements done by all 
the controllers on the particles in the l-th. pure entangled 
state mi ^ {coUlto |0)a. + • • • + n^toCd-iM-l)a„)/, 
and represents the number of the controllers who ob- 
tain the outcomes \j)x- 

The state of composite system composed of particles 
Xii X2, • ■ ■, Xm and (fc = 0, 1, • • • ,n + 1 and / = 
1, 2, • • • , to) can be described as 
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m / n+1 



n+1 



;=i \ fc=o 



^ d-l 
~ (jm/2 $Z IV'risi)xiaoi \''Pr2S2)> 



k'=0 



I g-^{hri+j2r2-\ hjmfm) 



si-'-Sm.Jl---Jn 



/n+1 \ /n+1 

^fcl = l / \fe2 = l 



n+1 



(24) 



That is, after Alice performs m GBS measurements on 

her 2m particles X/Q^oi = li2,---,m), the subsystem 
composed of the particles remained collapses to the cor- 
responding state |0aiiai2 - an+i,m- If outcomes of 



the GBS measurements obtained by Alice are \'^Prisi)xiaoi 
(Z = 1, 2, • • • , m), the state of the subsystem can be writ- 
ten as (without normalization) 



d-l 

\C\ — \ ^ p-2fiO'iri+j2r2H |-jmr„)/a. . . ...r 

ls/ailOl2---a„ + l,,„ — / ^ C /^J1J2---Jto"--J1©SiLJ2©S2 "-JmffiSm 

/n+1 \ /n+1 \ / n+1 \ 

® n i-^'i ® ^i)*^! n i'?2 © S2)fe2 • • • n i-^^ ® ^^^^^^ ■ (^5) 

\/si = l / \fe2=l / \fem=l / 

I 

After all the controllers Bobs take single-particle mea- the particles a„+i,; (Z = 1, 2, • • • , m) kept by the receiver 
surements on their particles with the MB X^, the state of Charlie becomes 



|^)a„+i_ia„+i,2---a„+i,„ — M |0aiiai2---a„+i,; 



d-l 



Ee-^{b'i'^i + 0'i©«iXl + b2'-2 + 02©S2)r^'] + -+[i„ir-„ + 0„©s„)r;;]} ^ 0, . . 
I 3^3'2 ' ' 'Jin 

<H'Cji®siCj-2es2 • • • Cjm®s,n ^ \h ® Sl)a„+i,i \h ® S2)a„+i,2 • • • lim ® Sm)a„+i,„- (26) 



Here = t[ + 2t^2 + \- {d - l)t'j^_i. To reconstruct 

the original state probabilistically, Charlie first performs 
a unitary transformation on his particles and an auxil- 
iary particle whose original state is |0)au,r- In essence, 
the auxiliary particle is used to select the useful informa- 
tion from the unknown state, no matter what the useless 
information is. That is, Charlie can use a two-dimension 
qubit (a two-level quantum system) for extracting the 



useful information. One level is used to map the useful 
information after a unitary evolution, and the other is 
used to map some useless information. Similar to the 
case of controlled telcportation of an unknown single qu- 
dit, under the basis • • • /i)a„+i ia„+i 2-a„+i „ |0)oMa;; 

|i)a«x} {f,9,h e {0,1, 
— 1}) the unitary evolution (2d'" x 2d™ matrix) can 
be chosen as 
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^ max 



4 



1- (-) 



£k^2m 



fg-h 






... r+ 

^ fg-h 



(Cd-l)" 









r+ 






r/g.../, 



1 _ 



, (27) 



r 



where That is, the unitary evolution U!^g_^ can transfer 

the state |^)a„+i,ia„+i,2---a„+i,m into the unknown state 

Tsg...H=-^^^^, T+ = Jl- {Tf,...hf. (28) |x')xix2-x^ ProbabiUsticalWi.e., 

I 



^TOaxl^)on+l,10n+l,2---an+l,m |0)<1 



g-2f^{b"iri + (ii©si)r;'] + b2r2 + 02es2)r2'] + ---+[j,,.r„ + (i„,esm)Cl} ig) ^, 

. ® lil ® Sl)a„+i,i|i2 ® S2)a„+i,2 ' ' ' lim ® Sm)a„+i 



Jlj2---Jm 



-|0)a«c. + Wl-(- 



-)^|l)o 



(29) 



r 



Same as the case for controlled telcportation of £i single tation fails if the mcasurcnicnt result is |l)aux? 

other- 

qudit, Charlie perform a measurement on the auxiliary wise, the telcportation succeeds and the particles kept 
qubit with the MB {|0), |1)}. The controlled telepor- by Charlie will collapse to the state 



9") = 

^ /<*n + l,lOn+l,2"'an+l,m 



^ g-^{bir-l+0l®Sl)r;'] + [j2r2 + (j2®S2)r^']+---+L7mrm+0m®Sm)C]} ^ 

Ob'l ® Si)a„+i,i|j2 ® S2)a„+i,2 ' ' ' \jm ® Sm)a„+i,™ 
-^Uir'i"+j2r'^' + -+jmr'^) 



/3jlj2-i™b'l ® Sl)a„+i,i|j2 ® S2)a„+i,2 ' ' ' \ jm ® Sm)a„+i,„ 

(30) 



where 



a = Cj. e 



>S2r2 ( 



(31) 
(32) 



Charlie can reconstruct the originally unknown state 

\x')xiX2---x ''^ith a unitary transformation deter- 
mined by the measurement results published by Al- 
ice and the controllers Bob^ if the controlled tele- 
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portation succeeds. Under the basis under the basis 

{\f9---h) }(/,5,/ie{0,i,---,d-i}), 

the unitary transformation is 

Tj ,,, „, in — p^(i;'-"'+i2''2"+---+imC) 

j'lj'2---3'm 

\i2) ■ ■ ■ Ifrn) {j'l ® 51 1 (i^ © S2 I • • • 04 ® I , (33) 

i.e., 

Ur'^'r:^'-r'^.s,s2-sJ0') = a\x')^^^^...^^ . (34) 

From Eq. iP^]) . one can see the maximal probabihty 
that Charlie can reconstruct the originally unknown state 
l^')xiX2 - x™ "^^^^ fidelity unit is F^m = |cfep"'. Here 
|cfep = min{\cj\'^ , j = 0, 1, • • • , d - 1}. 

IV. DISCUSSION AND SUMMARY 

If Cj = 1 for all the j from to d—1, the quantum chan- 
nel is composed of m maximally entangled (n-|-2)-particle 
states. The receiver can reconstruct the unknown state 
with probability 100% in principle if he cooperates with 
all the controllers, similar to the case with two-level quan- 
tum systems in Ref. [4^ . Moreover, the unitary evolu- 
tion J/^iaa; ^hc identity matrix /2(i™x2rf'" which means 
doing nothing on the particles controlled by the receiver 



and his auxiliary two-level particle. The receiver can ob- 
tain the unknown state with m single-particle unitary 
operations on his m particles. 

In summary, we have presented a general scheme for 
multiparty-controlled teleportation of an arbitrary m- 
qudit state by using m pure entangled (n-|-2)-particle 
quantum systems as the quantum channel. The sender 
Alice can share a sequence of pure entangled states with 
all the other parties by inserting some decoy photons ran- 
domly in the particle sequences transmitted to the con- 
trollers and the receiver. The receiver can probabilisti- 
cally extract the information of the originally unknown 
state by performing a general evolution on his particle 
and an auxiliary two-level particle. Charlie can recon- 
struct the originally unknown state with m unitary trans- 
formations on his particles according to the measurement 
results obtained by all the parties. The optimal proba- 
bility of successful teleportation is p = Icfep™ which is 
just the entanglement of the quantum channel. 
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